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Abstract 

By defining a closure operator on effective equivalence relations in a reg- 
ular category C, it is possible to establish a bijective correspondence be- 
tween these closure operators and the regular epirefiective subcategories £ 
of C. When C is an exact Goursat category this correspondence restricts to 
a bijection between the Birkhoff closure operators on effective equivalence 
relations and the Birkhoff subcategories of C. In this case it is possible 
to provide an explicit description of the closure, and to characterise the 
congruence distributive Goursat categories. 
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1 Introduction 

A classical result in the theory of abelian categories establishes a bijection be- 
tween the hereditary torsion theories and the universal closure operators. This 
correspondence has been recently extended to the non-additive context of ho- 
mological categories in [5]; more precisely, the correspondence has been shown 
to be nothing but the restriction of a general bijection between the (regular-) 
epirefiective subcategories and the so-called homological closure operators. 

It is the aim of the present note to discuss a further extension of this last 
result in any regular category, and to give an explicit description of the clo- 
sure operator in various contexts which are relevant in universal algebra and 
in topological algebra. When the base category C is homological it is possible 
to define the closure operator on normal subobjects (=kernels), because these 
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subobjects correspond to quotients, as in the familiar case of the category of 
groups. Of course, in a regular category this is no longer possible: the natu- 
ral thing to do in this non-pointed situation is then to define the closure on 
effective equivalence relations. We determine in Theorem 12.31 the conditions on 
such a closure operator that make it correspond to an epireflective subcategory 
C of C. As expected, the closure arising in this way from the reflection of the 
regular category T(Top) of Mal'tsev topological algebras into its subcategory 
T(Haus) of Hausdoff topological algebras coincides with the usual topological 
closure (Examplc l2.4[) . 

We then restrict ourselves to the so-called exact Goursat categories [5] : these 
categories have the property that the composition of two equivalence relations 
R and S on any fixed object is 3-permutable: 

Ro S o R= S o Ro S. 

These categories are very common in universal algebra, and they include all 
Mal'tsev varieties [18] : in particular groups, quasi-groups, rings, associative 
algebras, Heyting algebras and implication algebras are all examples of Goursat 
varieties. If the epireflective subcategory C of an exact Goursat category C 
is stable in C under regular quotients, i.e. if £ is a Birkhoff subcategory of 
C, then the closure is preserved by regular images, so that f(S) — f(S) for 
any equivalence relation S on X and any regular epimorphism /: X — » Y. 
Furthermore, the closure of S is given by the formula 

S = Ax o S o Ax , 

where Ax is the discrete equivalence relation on X (Proposition 13 . T|) . This 
means that the knowledge of the closure of Ax suffices already to determine 
the closure of any equivalence relation S on X. We can use this formula to get 
the closure determined by the reflection of the exact category T(HComp) of 
Mal'tsev compact Hausdorff algebras into its subcategory T(Profin) of profinitc 
topological algebras (Proposition 13. 10|) . The closure of an equivalence relation 
S on A is given here by S — S o Ra, where Ra is the congruence on A that 
identifies two points when they are in the same connected component. 

Finally, by using a recent result of Bourn in [7], it is possible to obtain a 
characterisation of the exact Goursat categories that are congruence distribu- 
tive, in terms of a property of the closure operator associated with any Birkhoff 
subcategory, namely the preservation under regular images of the closure of an 
intersection : 

f(R~/\~S) = J(R) A JJS). 

2 Reflections in regular categories 

In this section C will denote a finitely complete regular category. By an epire- 
flective subcategory C of C we shall mean a full replete reflective subcategory 

A 
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with the property that every component t)a ■ A — ► i\(A) of the unit of the 
adjunction is a regular epimorphism; this implies in particular that C will always 
be closed in C under subobjects. 

Recall that an equivalence relation (S,pi,p2) on an object X is said to be 
effective, when it is the kernel pair R[f] of a morphism /: X — ► Y. In a 
regular category this is the case if and only if (S,px,P2) is the kernel pair of 
the coequaliser of the two projections pi : S — + X and P2 ■ S — ► X. By an exact 
category [5] we shall always mean a finitely complete regular category with the 
property that equivalence relations are effective. We would like to characterise 
the epireflective subcategories of a given regular category C in terms of a special 
kind of closure operator on effective equivalence relations. For this, the following 
definitions will be needed: 

Definition 2.1. An idempotent closure operator ( ) on effective equivalence re- 
lations consists in giving for every effective equivalence relation S X x X 

another effective equivalence relation g %• X x X called the closure of S 

in X x X. This assignment has to satisfy the following properties, where S and 

/ 

T are effective equivalence relations on X, Y >■ X is an arrow in C and 

f^ 1 (S) is the inverse image of S along /: 

1. SCS 

2. S C T implies S CT 

3. FW^r 1 ^) 

4. f = S 

We shall write is - S — > S for the canonical inclusion of S in S. An effective 

equivalence relation S ^- X x X is closed when S = S, and dense when 

S = X x X. 

Definition 2.2. An idempotent closure operator on effective equivalence rela- 
tions will be called an effective closure operator (on effective equivalence rela- 
tions) if it also satisfies the following axiom: 

(5) for any regular epimorphism Y X one has that f^ 1 (S) = f^ 1 (S). 

The following result can be considered as a "non-pointed" version of Theorem 
2.4 in [8]: 

Theorem 2.3. Let C be a regular category. There is a bijection between the 
epireflective subcategories of C and the effective closure operators. 

Proof. Let us begin with an epireflective subcategory C of C with reflector 
A: C — > C. For any object X in C there is a canonical exact fork 

Rlvx] x -S- tX(x) 
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with (R[r]x],Pi,P2) the kernel pair of the X-component r/x of the unit of the 
adjunction. 

The closure S of an effective equivalence relation S is defined as the inverse 
image of the equivalence relation R[rjx/s] along the quotient q of X by S, i.e. 

S = q- 1 (R[r 1 x /S ]): 



s- 



X 



■ R[Vx/s] 



X/S 



It is clear that the equivalence relation S could be equivalently defined as the 
kernel pair of f}x/s °q ■ X ^ l\(X/S), so that S = R[t]x/s ° It follows that 
there is an inclusion is : S — > S, showing the validity of axiom (1). Remark that, 
in particular, the kernel pair R[rjx] of the reflection rjx ■ X — > l\(X) is exactly 
the closure Ax of the discrete equivalence relation Ax of X. Since r]x/s ° Q is 
the coequaliser of its kernel pair S, the axiom (4) is also satisfied. The axiom 
(2) is a consequence of the fact that A is a functor. 
Consider then the diagram 



X 



■X/S- 



X(h) 

X(X/S) 



where q and q' are the canonical quotients. The functoriality of A and the 
construction of the closure operator on effective equivalence relations give a 
unique arrow t such that the square 



f-^S) i-V x Y 



(*) 



commutes. This implies that / _1 (S') C proving axiom (3). 

Remark that, by construction of the inverse image of an equivalence relation, 
one knows that the induced arrow h: Y/f~ 1 (S) — ► X/S in the diagram above is 
always a monomorphism. When, moreover, the arrow / is assumed to be a reg- 
ular epimorphism, the arrow h: Y/f^ 1 (S) — ► X/S actually is an isomorphism. 
This easily implies that, in this case, the square (*) here above is a pullback, so 
that axiom (5) holds true. 
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Conversely, given an effective closure operator on effective equivalence rela- 
tions ( ) , we are going to prove that the full replete subcategory C of C defined 

by 

Ie£ if and only if Ax is closed 

is epireflective in C. Given an object X in C, in order to define the left adjoint 
A: C — > £, we consider the closure Ax of the discrete equivalence relation Ax 
on X, and the canonical quotient X/ Ax 

pi 



Ax~X^X/A x , 

P2 

where r\x is the coequaliser of p\ and p 2 . We define the reflector on objects 
by setting X(X) = X/Ax, for any X in C. In order to see that the object 
X/Ax belongs to C, we first observe that, by axiom (5), rj x 1 (i/± x/ —^) = i-£ x - 

But the arrow i-^ x : Ax — > Ax is an isomorphism by axiom (4) , from which 
it easily follows that the canonical inclusion u ,_ : A v/ t — > A Y rx is a 

J X/A x A/Zix A/iix 

regular epimorphism, thus an isomorphism, as desired. 

Let us then show that r\x ■ X — > X/Ax has the universal property with 
respect to the full subcategory C. For this, let /: X — > Y be any arrow with Y 
in C, so that Ay = Ay. 



pi 



P2 
Pi 



X^X/Ax 



f 



P2 

Now, since Ax Q R[f] = f~ 1 (Ay), by axioms (2) and (3) it follows that 

Ax C f-HAy) C /-'(Ay) - /-'(Ay) = R[f}. 

Accordingly, the universal property of the coequaliser r\x gives a unique arrow 
g: X/Ax —> Y such that jorjx = /. The functor A: C — > £ is then the left 
adjoint of the forgetful functor l: C C, and £ is epireflective in C. 

Finally, let us check that these constructions determine a bijection between 
epireflective subcategories of C and effective closure operators. If ( ) is a special 
closure operator, A is the functor defined as above, and ( ) is the closure operator 
on effective equivalence relations associated with A, we have to prove that ( ) = 
( ). For this, it suffices to consider the following diagram: 




5 



By axiom (5) of the original closure operator ( ) it follows that 



S = q- 1 (A x/s ) = q-l(A x/s ) = S. 

Conversely, given an epireflection A: C — > C, the associated closure operator 
( ) and the epireflection A: C — > C associated with ( ), we have to prove that 
C = C. This follows easily from the fact that the quotient X/Ax is exactly the 
reflection of X in C. □ 

Example 2.4. Consider any Mal'tsev theory T, i.e. is any algebraic theory 
containing a ternary term p(x, y, z) satisfying the identities p(x, x, y) = y and 
p{x,y,y) — x [18 . Any algebraic theory containing a group operation is in 
particular a Mal'tsev theory, since it suffices to set p(x, y,z) = x ■ y^ 1 ■ z to get a 
Mal'tsev operation; however, there are also other interesting examples, such as 
the theories of quasi-groups and of Heyting algebras [16]. The category T(Top) 
of topological models of such a theory is a regular Mal'tsev category in the sense 
of Carboni, Lambek and Pedicchio [10) . Regular epimorphisms in this category 
are given by the open surjective homomorphisms [1411 17j . as in the classical case 
of the category Grp(Top) of topological groups. An object in T(Top) is called 
a topological Mal'tsev algebra. 

The category T(Top) of topological Mal'tsev algebras is reflective in the 
category T(Haus) of Hausdorff Mal'tsev algebras: the reflection of an algebra 
A is obtained by taking the quotient it Top : A — > \ ov °f A by the topological 

closure Aa T ° P of the discrete equivalence relation on A. As observed in [BJ, 

the topological closure of A^ is automatically a congruence, since it is 

a reflexive relation in T(Top), and this latter is a Mal'tsev category. We then 
get the epireflective subcategory 

A 

T(Haus) ' I I T(Top) 

t 

and we are going to show that the effective closure ( ) associated with this 

reflection as in Theorem 12.31 coincides with the usual topological closure ( ) 
By construction of the effective closure operator one clearly has that A^ = 

Aa T ° P , and this implies that, for any effective equivalence relation S on A, 

s Top cs. 

On the other hand, the fact that S T ° P is saturated with respect to the open 
surjective homomorphism 

q Top x Top. AxA ^A x A 
"* y —Top —Top 

implies that — jh= is a Hausdorff algebra, as its diagonal A is then closed. This 

s 1 

yields an arrow a: iX(^) — > _^ op with a ■ 774 • q = q Top , giving the inclusion 
S C S T ° P . It follows that S = S T ° P . 
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3 Birkhoff subcategories of a Goursat category 



In this section we restrict ourselves to the context of exact Goursat categories. 
This is the natural context where Birkhoff subcategories can be characterised 
by a special kind of closure operators on equivalence relations. 
We begin by recalling a few well known definitions: 

Definition 3.1. [J5] Let C be an exact category, and let C be an epireflective 
subcategory of C. One calls C a Birkhoff subcategory of C when it is closed under 
regular quotients in C: if / : X — > Y is a regular epimorphism with X in £, then 
Y belongs to £ as well. 

Of course, when C is a variety of universal algebras, C is a Birkhoff subcat- 
egory of C exactly when it is a subvariety. 

Definition 3.2. An exact category C is a Goursat category [9] when any pair 
of equivalence relations R, S on the same object X in C satisfies the condition 

Ro S o R = S o Ro S, 

where the symbol o denotes here the usual relational composition in a regular 
category [2]. 

Example 3.3. The notion of Goursat category arises from universal algebra. 
Indeed, Goursat varieties are well known under the name of 3-permutable va- 
rieties. These varieties are characterised by a Mal'tsev condition as follows: a 
variety is 3-permutable if and only if there exist two ternary terms p and q 
satifying p(x, y,y) = x, q(x, x,y) =y and p(x,x,y) = q(x,y,y) (T3] . Of course, 
any Mal'tsev category [1Q\ is in particular a Goursat category since the 2- 
permutability of the composition of equivalence relations is a stronger condition 
than the one of 3-permutability. A genuine example of a Goursat category which 
is not a Mal'tsev category is provided by the variety of implication algebras (see 
[T2]). These algebras are equipped with a single binary operation > satisfying 
the identities (x > y) > y = (y > x) > x, (x >y) > x = x and x > (y > z) = y > (x > z). 

Definition 3.4. A Birkhoff closure operator on effective equivalence relations 
( ) is an effective closure operator satisfying the following additional property 
(6): for any regular epi / : X — > Y and any equivalence relation S — > X x X 
one has that 



(6) f(S) = f(S). 

Remark 3.5. It was shown in [5] that a regular category has the Goursat 
property if and only if the regular image f(S) of an equivalence relation S is 
an equivalence relation. Therefore the axiom (6) here above only makes sense 
in an exact Goursat category: in order to consider the closure f(S) of f(S) we 
need to know that f(S) is an effective equivalence relation, and this is always 
the case exactly under the Goursat assumption. 
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Proposition 3.6. Let C be an exact Goursat category. There is a bijection 
between the Birkhoff subcategories of C and the Birkhoff closure operators. 

Proof. We must show that an effective closure operator on equivalence relations 
( ) satisfies axiom (6) if and only if the corresponding epireflective subcategory 
C is closed in C under regular quotients. 

On the one hand, let axiom (6) hold, and let / : X — > Y be a regular epi 
with X E C. One then gets that 

A Y = /(Al) - /(Ax) - /(A x ) - Ay, 

so that Ay is closed, and Y G C. 

On the other hand, let us assume that the epireflective subcategory C is 
closed in C under regular quotients. Given a regular epi / : X — ► Y and an 
equivalence relation S on X, its regular image f{S) along / gives rise to the 
following diagram: 

s : x — — - x/s \(x/s) 

9 f (1) h (2) A(/i) 

f(S) " Y —5-* r//(S) A(y//(5)) 

The fact that g is an epimorphism implies that the square (1) is a pushout; 
furthermore, the square (2) is also a pushout, precisely because the arrow h 
is a regular epimorphism and the subcategory £ is closed in C under regular 
quotients (see Proposition 3.1 in p~5]). Now, in an exact Goursat category, the 
fact that the rectangle (1) + (2) is a pushout of regular epis implies that the 
induced arrow/: R[r]x/s Q'] ~ * R[VY/f(s) 0( l] from the kernel pair R [tjx/s °q'] — 
S to the kernel pair R[n Y /f(s) ° o\ — f{S) is a regular epi. Indeed, the fact that 
(1) + (2) is a pushout clearly implies that T)Y/f(s) ° 9 is the coequaliser of the 
projections p\ andp2 of the relation f(S) on Y; but this latter is an equivalence 
relation (by the Goursat property), which is effective (by exactness), so that 
f(S) = R[r]Y/f(S) °q} = f{S), as desired. □ 

Proposition 3.7. Let C be an exact Goursat category, C a Birkhoff subcategory 
of C, ( ) the corresponding Birkhoff closure operator on equivalence relations. 
Then, for any equivalence relation S on any X in C, one has the following 
formula for the closure S of S: 

S = Ax ° S o Ax = S o Ax o S. 

Proof. By definition of the closure operator on the equivalence relations, the 
closure S is obtained as the kernel pair of the diagonal rj X /s ° Q °f the following 
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commutative square 

x q -^x/s 



'IX 



Vx/s 



t\(X) i\(X/S) 

lA(q) 

which is a pushout by the Birkhoff assumption. This precisely means that 

~S = Ax" V S. 

In an exact Goursat category, the join of the two equivalence relations Ax and 
S in the modular lattice of equivalence relations on X always exists, and is given 
exactly by the formula 

A7 V S = Ax" o S o Ax" = So Ax" o S. 

□ 

Remark 3.8. It is clear that for an effective closure operator the property (6) 
is also equivalent to the following (apparently) weaker property: for any regular 
epimorphism / : X — > Y one has that 

(6') /(Ax") = A7. 
Indeed, to check that (6') implies (6) it suffices to observe that 



f(S) = f(S) V A Y = f(S) V /(Ax) = f(S V A x ) = f(S). 

Example 3.9. Consider again a Mal'tsev theory T and, this time, the cate- 
gory of compact Hausdorff Mal'tsev algebras T(HComp). T(HComp) is an 
exact Mal'tsev category, with regular epimorphisms given by open (and closed) 
surjective homomorphisms. We denote by T(Profin) the category of profinite 
(=compact Hausdorff totally disconnected) Mal'tsev algebras. We are now going 
to explain why T(Profin) is a Birkhoff subcategory of T(HComp), and describe 
the corresponding closure. In order to make the paper more self-contained, we 
repeat here the arguments of [51 [5] in the protomodular and semi-abelian 
cases, which are still valid in this more general context. 

Proposition 3.10. Let T be a Mal'tsev theory. 

1. T(Profin) is a Birkhoff subcategory o/T(HComp); 

2. the effective closure of an equivalence relation S on A is given by 

S = S o Ra , 

where Ra is the congruence on A that identifies two points when they are 
in the same connected component. 
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Proof. 1. Given a compact Hausdorff Mal'tsev algebra A, we write T(a) for the 
connected component of the element a in A. Write Ra for the subset 



R A = {(a, b) e Ax A\ T{a) = T(b)}. 

By using the fact that the Mal'tsev operation pa- Ax Ax A — > Ais continuous, 
and that the continuous image of a connected space is connected, one can check 
that T(p A (ai,a 2l a 3 )) = r(ju(&i, h, h)) whenever T(ai) = T(bi), T(a 2 ) = T(b 2 ) 
and r(aa) = IX&3), so that Ra is a subalgebra of A x A. Since Ra is reflexive 
and T(HComp) is a Mal'tsev category, Ra is a congruence on A. The reflection 
A: T(HComp) — > T(Profin) is given, for any A in T(HComp), by the quotient 
rjA '■ A — > -^j. Indeed, the algebra is compact as continuous image of a 
compact space; to see that it is totally disconnected, consider, for any a in A, 
the pullback 

P-^T([a]) 



.4- 





"a ^ ' 

where i is the canonical inclusion of the connected component T([a]) of the 
equivalence class [a] in the quotient The arrow p 2 is an open surjection, 
with connected codomain and connected fibres: the g-reversibility of connected 
spaces [Tj then implies that P is a connected space. It follows that P — T(a), and 
r([a]) = [a]: the algebra is then totally disconnected, actually the profinitc 
reflection of the algebra A. 

It remains to show that the epireflective subcategory T(Profin) is stable in 
T(HComp) under regular quotients. Consider an open surjective homomor- 
phisms /: A — > B, with A a profinite algebra. Since B is compact Hausdorff, 
to show that B is totally disconnected reduces to prove that for any b and b' in 
B, with b 7^ b' , there exist in B two disjoint open and closed subsets separating 
these two points. By the assumption of profiniteness of A, there exist two dis- 
joint open and closed subsets XT and XT' of A with the property that C U 
and C XT'. Since / is open and closed, f(U) is open and closed, as 
are / -1 (/(C0) and its complement A \ / _1 (/(17)). Since XT n f^{b') = 0, 
/ -1 0') C A\/- 1 (/(C7)) and it follows that /([/) and f(A\f^ 1 (f(U)) are the 
two closed and open subsets of -B we were looking for. 

2. It follows from 1. and Proposition l3.71 by taking into account the fact that 
S V Ra = S o in the exact Mal'tsev category T(HComp). □ 

As a consequence of Proposition 13. 7\ we can prove that the closure operator 
on equivalence relations preserves binary joins, i.e. it is an additive closure 
operator [TT] : 
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Proposition 3.11. Let C be an exact Goursat category, C a Birkhoff subcate- 
gory of C, ( ) the corresponding Birkhoff closure operator. Then: 

1. given a regular epimorphism f : X — > Y and two equivalence relations R 
and S on X , one has that 



f(RVS)=f(R)\/f(S); 
2. for any equivalence relations R and S on X , one has 



R\J S = RV S. 

Proof. 1. The Goursat assumption implies that the regular images f(R), f(S) 
and f(R\/S) are (effective) equivalence relations, and that the join of two (effec- 
tive) equivalence relations always exists. By property (2) of the corresponding 
closure operator ( ), the equivalence relation f(R\/S) contains both f(R) and 
7(5), thus J{RVS) > J{Rj V J(S). 

In order to check the other inclusion, one first observes that 

f(RVS) = f(R)Vf(S): 

this easily follows from the fact that f(R), f(S) and f{R V S) are equivalence 
relations, by using the construction of the join of two equivalence relations as 
the kernel pair of the diagonal of the pushout of the corresponding quotients. 
Next, by using the description of the closure given in Proposition 13.71 one gets 
that 



f(RVS) = HR)Vf(S) 

= Ay o f(R) o f(S) o fj^o Ay 

< (Ay o f(R) o Ay)o f(S) o (Ay o f(R) o Ay) 

= J{R) oJ{S) oJ{R) 
= f(R)Vf(S). 

2. It suffices to choose for /: X — > Y the identity lx ■ X — > X. □ 

Example 3.12. In any Goursat variety C, there is a natural notion of abelian 
algebra: an algebra A in C is abelian if and only if there exists a (necessarily 
unique) homomorphism p: AxAxA^A satisfying the Mal'tsev identities 
p(x, y,y) = x and p(x, x,y) = y [12\. The subcategory CAb of abelian algebras is 
a subvariety of C: the reflection of an algebra A into CAb is simply given by the 
quotient ^ v ^ v ^ of A by the largest commutator [Va, Va] (here = A x A 
is the largest congruence on A). Accordingly, the closure of a congruence S on 
A is given by 

S={W a ,Va}oSo[Wa,Va\. 
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It is known that any exact Goursat category C is such that the lattice of 
equivalence relations (=congrucnces, if C in a variety) on any object is modular. 
In the following Proposition, we characterize the exact Goursat categories having 
the property that the lattice of equivalence relations is distributive, in terms of 
a property of the closure operator. This is based on a recent observation due to 
Bourn [7], asserting that a Goursat category is congruence distributive if and 
only if 

f(R A S) = f(R) A f(S) 

for any regular epimorphism / : X — > Y and equivalence relation R and S on 
X. 

Proposition 3.13. For an exact Goursat category C the following conditions 
are equivalent: 

1. the lattice of equivalence relations on any object X in C is distributive; 

2. the closure operator corresponding to any Birkhoff subcategory C of C sat- 
isfies the axiom 

(7) f(R~AS)=J{RjAj{S) 
for any regular epimorphism f:X—>Y. 

Proof. If we assume that C is distributive and L a Birkhoff subcategory of C, 
we first remark that, for any equivalence relations R and S on X, one has 

RAS = {Ro o R) A (S oA^ o S) 
= (J?VA^)A(SVA^) 
= (R A S) V A x 
= R~A~S. 

From this, from property (6) of the closure operator and from the characteriza- 
tion of the distributive Goursat categories recalled above it follows that 

f(RAS) = f(R A S) = f(R) A f(S) =J{R) A 7(5). 

Conversely, it suffices to choose as Birkhoff subcategory C of C the category C 
itself. It follows that, obviously, R = R, in that case. Accordingly, by applying 
axiom (7), one has that 

f(R) A f(S) =JiR)Aj(S) = f(RX3) = f(R A S). 

□ 

Examples 3.14. 1. Recall that a Heyting algebra can be defined as a dis- 
tributive lattice (L, A, V) with a top element 1 and a bottom element 
equipped with an additional binary operation =>• satisfying the identities 

(a V ((6 a) A b)) — a and a = (a A (b =>■ (a A &))). 
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If we denote by Heyting the variety of Heyting algebras, it is well known 
that it is a Mal'tsev congruence distributive variety (see for instance Ex- 
ample 2.9.16 in [I]). Any subvariety of Heyting will then fall under the 
scope of Proposition 13.131 it is the case, in particular, for the variety 
Boole of boolean algebras, which is determined by the additional identity 

((a => 0) 0) = a. 

2. A commutative unitary ring R is von Neumann regular if for any element 
a in R there exists an element a* such that 

(a) a ■ a* 2 = a* and a 2 ■ a* = a. 

Such an element a* is necessarily unique: this allows one to conclude that 
the category CVNReg of commutative von Neumann regular rings is a 
variety of universal algebras, whose theory is obtained by adding to the 
theory of unitary commutative rings a unary operation ( )* satisfying the 
axioms (a) above. The variety CVNReg is clearly 2-permutable, since a 
group operation is present in its theory; it is also congruence distributive, 
as shown in Example 2.9.15 in [4]. A natural subvariety of CVNReg to 
which Proposition 13.131 applies is represented here by the variety BRng 
of unitary boolean rings, which is determined by the identity x 2 = x (as 
in the previous example, this subvariety is again the variety Boole of 
Boolean algebras, see, for example, [3]). 
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